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THE WEIL-PETERSSON 2-FORM ON AN ACYCLIC CLUSTER
VARIETY.
GREG MULLER
Abstract. The Weil-Petersson 2-form on a cluster variety is a 2-form on a
certain open smooth subvariety; the union of the cluster tori. We show that for
acyclic cluster varieties, the Weil-Petersson 2-form extends to a regular Ka¨hler
2-form on the entire cluster variety.
1. Introduction
Cluster algebras are commutative algebras generated by a distinguished set of
elements which may be recursively constructed from some initial data. They were
introduce by Fomin and Zelevinsky [FZ02] in the study of total positivity and
canonical bases. The corresponding cluster varieties have been shown to occur both
as double Bruhat cells in semisimple Lie groups [BFZ05] and as complexifications
of Penner’s decorated Teichmu¨ller spaces [GSV05], [FG06].
Drawing inspiration from the Weil-Petersson 2-form on a decorated Teichmu¨ller
space, Gekhtman, Shapiro and Vainshtein [GSV05] defined a 2-form ω on a smooth,
dense subset of a cluster variety. This form (also called the Weil-Petersson form)
is a geometric manifestation of some of the extra structure on the cluster algebra
beyond just being a commutative algebra.
It is natural to ask whether the form ω extends to the entire cluster variety.
However, cluster varieties may be singular, and the geometric definition of a dif-
ferential form breaks down at a singularity. Thus it is necessary to generalize to
the language of Ka¨hler forms, which are an algebraic analog of differentials forms
which may be defined at singularities.
In this paper, we show that, for a large class of cluster varieties called acyclic
cluster varieties, the Weil-Petersson form ω extends as a Ka¨hler 2-form to the
entirety of the cluster variety (Theorem 5.2.1). As a consequence, when the cluster
variety is smooth, the form ω extends as a (differential) 2-form (Corollary 5.2.1).
The paper concludes with several acyclic examples, both singular and smooth,
as well as a non-acyclic counterexample which shows that the Weil-Petersson form
ω does not extend for all cluster varieties.
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2. Cluster Algebras
We begin by briskly reviewing the definition of a cluster algebra (of geometric
type). The reader looking for a more useful introduction is directed to [GSV10].
2.1. Cluster algebras. A rank n cluster algebra is a commutative algebra with
a canonical set of generators (cluster variables) such that the complete set of gen-
erators may be recursively constructed from special n-element subsets (clusters).
The input data is an integral m × n matrix A which is skew-symmetrizable; that
is, there is an integral diagonal m×m matrix D such that the restriction of DA to
the first m columns is skew-symmetric.
Given a pair (called a seed) of an m×n skew-symmetrizable matrix B and a set
of variables f = {f1, f2, ..., fn}, the mutation at k ∈ {1, ...,m} of (B, f) is the new
seed defined by
• For 1 ≤ i ≤ m, 1 ≤ j ≤ n, set
µk(B)ij :=
{
−Bij if k = i or j
Bij +
|Bik|Bkj+Bik|Bkj |
2
if k 6= i, j
}
• For i 6= k, set µk(fi) := fi, and set
µk(fk) :=
 ∏
j, Bij>0
f
Bij
j +
∏
j, Bij<0
f
−Bij
j
 f−1i
The new matrix µk(B) is also skew-symmetrizable, and so the procedure of
mutation may be iterated at any sequence in the indices {1, ...,m}.
Any seed (B, f) obtained from (A,x = {x1, ...xn}) by a sequence of mutations
is called equivalent to (A,x). The clusters are the sets f = {f1, ..., fn} equivalent
to x, and the cluster variables are elements of the union of the clusters. Note
that, for m < i ≤ n, the element xi is never mutated and so fi = xi; these are the
frozen variables and they are in every cluster.
Definition 2.1.1. The (complex) cluster algebra C(A) associated to A is the C-
subalgebra of C(x1, x2, ..., xn) generated by the set of all cluster variables, together
with the inverses of the frozen variables, x−1m+1, ..., x
−1
n .
Remark 2.1.1. We require an algebraically closed field for geometric applications,
though any algebraically closed field will suffice.
For a fixed seed (B, f) and cluster variable fi ∈ f , we use the somewhat vague
notation f ′i := µi(fi). Then it is immediate that the following relation holds in the
cluster algebra.
(2.1) fif
′
i =
∏
j, Bij>0
f
Bij
j +
∏
j, Bij<0
f
−Bij
j
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A fundamental lemma is the Laurent Phenomenon. For f a cluster, let C[f±1] :=
C[f±11 , f
±1
2 , ..., f
±1
n ], the algebra of Laurent polynomials in f .
Lemma 2.1.1. [FZ02, Theorem 3.1] For any cluster f in C(A), we have C(A) ⊂
C[f±1].
2.2. Acyclic cluster algebras. While the structure of a general cluster algebra
may be very mysterious, there is an explicit structure theorem in the case of acyclic
cluster algebras.
Given a skew-symmetrizable matrix A, a directed cycle is a sequence of indices
i1, i2, ...ij ∈ {1, ...,m} such that ij = i1 and Aikik+1 > 0 for all 1 ≤ k < j. A
skew-symmetrizable matrix is acyclic if it has no directed cycles. By a standard
abuse of notation, let x′i := µi(xi) be the mutation from the initial cluster x, and
let Pi := xix
′
i, which is a binomial in the variables {x1, ..., xn}.
Lemma 2.2.1. [BFZ05, Corollary 1.21] Let A be an acyclic skew-symmetrizable
matrix. Then
C(A) = C[x1, x2, ...xm, x±1m+1, ..., x±1n , x′1, x′2, ...x′m]/〈x1x′1 − P1, ...xmx′m − Pm〉
The main consequence for our purposes is that C(A) is finitely-generated.
Definition 2.2.1. [BFZ05] For a skew-symmetrizable matrix A, the associated
cluster algebra C(A) is acyclic if there is some acyclic matrix B equivalent to A.
3. Cluster Varieties
3.1. Cluster varieties. For A acyclic, the algebra C(A) is a finitely-generated
integral domain. Hence, C(A) is the coordinate ring of the affine subvariety X (A)
of C2n defined by the equations
xix
′
i = Pi, (1 ≤ i ≤ m); xix−1i = 1, (m < i ≤ n)
Different choices of acyclic cluster in C(A) will determine different embeddings of
the same affine variety X (A), which can be identified with the set of maximal ideals
in the algebra C(A).
Definition 3.1.1. The affine variety X (A) is the cluster variety of A.
Remark 3.1.1. If C(A) is not acyclic, the ‘cluster variety of C(A)’ may still be
defined as the space of maximal ideals. However, if C(A) is not finitely-generated,
then this does not embed inside any finite-dimensional affine space, and so it fails
to be a true variety.
Given a cluster f , the inclusion
C(A) →֒ C[f±1]
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is dual to an inclusion of varieties
(C∗)n →֒ X (A)
The image of this map is the cluster torus Tf associated to f . Concretely, Tf is
the set of points in X (A) where the coordinate functions f1, f2, ..., fn are non-zero.
At those points, the value of the other elements of C(A) may be determined by their
inclusion into C[f±1]; the requirement that the fi are non-zero is necessary for the
denominators of these Laurent polynomials not to vanish.
The union of all the cluster tori is a subvariety denoted X ′(A).1 As a union of
smooth varieties, X ′(A) is again smooth. For this reason, it is called the cluster
manifold. However, this name is somewhat misleading, since there may be other
smooth points in X (A).
3.2. The deep variety. The complement Xd(A) := X (A) − X ′(A) is called the
deep variety, and it can be smooth, singular or empty. Even for acyclic cluster
varieties, the structure of the deep variety is poorly understood. Many cluster
variables must vanish at deep points, and so it is worth understanding what subsets
of cluster variables can simultaneously vanish.
Lemma 3.2.1. Let p ∈ X (A), and (B, f) be a seed equivalent to (A,x). If fa, fb ∈ f
with Bab 6= 0 and fa(p) = fb(p) = 0, then there is a directed cycle (fk1 , fk2 , ...fkα)
of cluster variables in f such that
fk1(p) = fk2(p) = ... = fkα(p) = 0
Proof. Possibly switching the labels a and b, we may assume that Bab > 0; set
fk1 = fa and fk2 = fb. Let f
′
b denote the mutation of fb in f . Equation (2.1) when
evaluated at p.
fb(p)f
′
b(p) =
∏
j, Bbj>0
[fj(p)]
Bbj +
∏
j, Bbj<0
[fj(p)]
−Bbj
Since fb(p) = 0, the left side vanishes. Since fa(p) = 0 and Bba = −Bab < 0, the
second term on the right vanishes. Hence, there is some fc such that Bbc > 0 and
fc(p) = 0; set fk3 = fc.
Iterating this procedure gives a list fk1 , fk2 , .... Since there are a finite number of
vertices, eventually this sequence must wrap around, producing the desired oriented
cycle. 
Corollary 3.2.1. Let p ∈ X (A), and (B, f) be an acyclic seed equivalent to (A,x).
If fa, fb ∈ f with fa(p) = fb(p) = 0, then Bab = 0.
1It may not be an affine variety; it is only quasi-affine.
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4. Ka¨hler Forms
We review the notion of a Ka¨hler form (also called a Ka¨hler differential). This
is an algebraic generalization of the notion of a differential form (with regular
coefficients) which can be defined at singularites.
4.1. The Ka¨hler forms of an algebra. Let R be a commutative C-algebra. The
R-module of Ka¨hler forms Ω(R) is the R-module generated by symbols of the
form {dr| r ∈ R}, with relations given by
d(λr) = λ(dr), d(r + s) = dr + ds, d(rs) = r(ds) + s(dr); λ ∈ C, r, s ∈ R
There is a natural linear map d : R 99K Ω which sends r to dr. This map is not an
R-module map, but it is a derivation.2 Define the R-module of (regular) Ka¨hler
i-forms by
Ωi(R) := ∧iRΩ(R),
the ith exterior power of Ω(R).
These constructions commute with localization; that is, if S is a localization of
R, then Ω(S) = S⊗RΩ(R) and Ωi(S) = S⊗RΩi(R). If S is the fraction field of R,
the module Ωi(S) = S⊗RΩi(R) is called the module of rational Ka¨hler i-forms.
4.2. Ka¨hler forms in algebraic geometry. When R is the coordinate ring OX
of a smooth affine variety X , these modules have a geometric meaning. Let TX
denote the OX -module of regular vector fields on X , and let T ∗X = HomX(TX ,OX)
denote the OX -module of regular 1-forms on X . Then, the Ka¨hler i-forms can be
canonically identified with the R-module of regular i-forms.
Lemma 4.2.1. Let OX be the coordinate ring of a smooth affine variety X. Then
Ω(OX) = T ∗X , and so Ωi(OX) = ∧iXT ∗X .
Thus, Ka¨hler i-forms coincide with regular i-forms on smooth varieties. However,
Ka¨hler i-forms can be defined for singular varieties, when the notion of an i-form
breaks down in the absence of a well-defined tangent space.
If X is an affine variety, with a open affine subvariety Y , then the localization
map
Ωi(OX)→ OY ⊗X Ωi(OX) = Ωi(OY )
allows Ka¨hler i-forms on X to be restricted to Ka¨hler i-forms on Y . Combined with
the above lemma, we see that Ka¨hler i-forms on X can be restricted to i-forms on
Y when Y is smooth.
2In fact, d is the universal derivation, in the sense that any other derivation δ : R 99K M can be
uniquely factored through d.
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Corollary 4.2.1. Let X be an affine variety, and let Y be a smooth open affine
subvariety. Then there is a natural restriction map Ωi(OX)→ ∧iY T ∗Y .
Therefore, even for singular varieties, the Ka¨hler forms are differential forms on
the smooth locus, with a formal algebraic extension to the singularities.
5. The Weil-Petersson Form.
From now on, a fixed skew-symmetrizable matrix A will be chosen, and sup-
pressed from notation. We define the Weil-Petersson form introduced in [GSV05],
a 2-form ω defined on the cluster manifold X ′. Algebraically, this 2-form may be
interpreted as a rational Ka¨hler 2-form ω on the cluster algebra C. We then show
that, in the acyclic case, this ω is a (regular) Ka¨hler 2-form on C.
5.1. The Definition of ω. Let (B, f) be a seed equivalent to (A,x). Define a
rational Ka¨hler 2-form ωf on the cluster algebra C by
ωf :=
∑
i,j
Bij
fifj
dfi ∧ dfj
Since the denominator is a monomial in f , this is a Ka¨hler 2-form in C[f±1]⊗CΩ(C).
Let Tf be the cluster tori associated to f , whose coordinate ring is naturally
C[f±1]. Because Tf is smooth, by Lemma 4.2.1, ωf is equivalent to a regular 2-form
on Tf .
Lemma 5.1.1. [GSV05, Theorem 2.1] For two clusters f and f ′, the corresponding
rational Ka¨hler 2-forms ωf and ωf ′ agree. Hence, ω := ωf is a well-defined rational
Ka¨hler 2-form on C independant of a choice of cluster.
This form ω is called the Weil-Petersson form on X . The 2-form ω was
originally defined as a differential 2-form on the smooth subvariety X ′ ⊂ X , but it
can be regarded as a rational Ka¨hler 2-form immediately from its construction.
5.2. Regularity of ω. This paper seeks to understand the extension of ω to the
deep variety Xd = X − X ′. Passing from differential 2-forms to Ka¨hler 2-forms is
necessary because Xd may contain singularities. We will show that ω is regular in
the acyclic case; that is, that the equations defining it do not blow up anywhere on
Xd.
First, a lemma which is more broadly applicable than just the acyclic case.
Lemma 5.2.1. Let C be a cluster algebra, and let p ∈ X . If there exists a seed
(B, f) where fi(p) = fj(p) = 0 implies that Bij = 0, then ω is locally regular at p.
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Proof. Let fi ∈ f be such that fi(p) = 0, and let f ′i denote the mutation of fi in f .
Then apply d to Equation (2.1) to get
fidf
′
i + f
′
idfi =
 ∑
j,Bij>0
Bijdfj
fj
 ∏
j,Bij>0
f
Bij
j +
 ∑
j,Bij<0
−Bijdfj
fj
 ∏
j,Bij<0
f
−Bij
j
Wedge both side with dfi and divide by fi to get
dfi∧df ′i =
 ∑
j,Bij>0
Bij
dfi ∧ dfj
fifj
 ∏
j,Bij>0
f
Bij
j −
 ∑
j,Bij<0
Bij
dfi ∧ dfj
fifj
 ∏
j,Bij<0
f
−Bij
j
=
∑
j
Bij
dfi ∧ dfj
fifj
 ∏
j,Bij>0
f
Bij
j
−
 ∑
j,Bij<0
Bij
dfi ∧ dfj
fj
 f ′i
∑
j
Bij
dfi ∧ dfj
fifj
=
 ∏
j,Bij>0
f
−Bij
j
dfi ∧ df ′i + f ′i
 ∑
j,Bij<0
Bij
dfi ∧ dfj
fj

Notice that a cluster variable fj only appears in the denominator of the right-hand-
side if Bij 6= 0, and so by assumption fj(p) 6= 0. Therefore, the expression on the
right-hand-side is a locally regular Ka¨hler 2-form at p.
The Weil-Petersson form ωf written in terms of the cluster f can have its terms
grouped into sums of the above form, plus other terms whose denominator does
not vanish at p. Therefore, the Weil-Petersson form ω is locally regular at p. 
Theorem 5.2.1. Let C be an acyclic cluster algebra. Then ω is a regular Ka¨hler
2-form.
Proof. Fix an acyclic seed (B, f), and let p ∈ X . By Corollary 3.2.1, the hypothesis
of Lemma 5.2.1 holds, and so ω is locally regular at p. Since this holds for all p ∈ X ,
ω is regular on the entirety of X . 
Remark 5.2.1. The proof of the lemma gives an explicit algorithm for expressing ω
as a locally regular Ka¨hler 2-form at a specific point p, but it does not give a globally
regular expression (ie, denominator free) for ω, though the theorem guarantees such
an expression must exist.
Corollary 5.2.1. If X is a smooth acyclic cluster variety, then ω extends to a
regular 2-form on the entirety of X .
6. Examples
We close with several examples, to illustrate the structure of ω at the deep points
in some small cluster varieties, and to show that ω may not be regular when the
cluster algebra is not acyclic.
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6.1. The open double Bruhat cell in SL2(C). Let
A =
[
0 1 1
]
Denote the initial cluster by {x, c1, c2}, where the frozen variables are denoted by
ci. Then the remaining cluster variable is x
′ = c1c2+1
x
. The cluster algebra C is
given by
C(A) = C[x, x′, c±11 , c±12 ]/〈xx′ − (c1c2 + 1)〉
By the map
(x, x′, c1, c2)→
[
x c1
c2 x
′
]
,
the cluster variety X (A) may be identified with the set of 2×2 matrices of determi-
nant 1 such that c1 6= 0 and c2 6= 0. This is the open double Bruhat cell in SL2(C),
and a motivating example of a cluster variety.
The union of the cluster tori X ′(A) is the set of points where x or x′ is non-zero,
and so the deep variety Xd(A) is the set where x = x′ = 0; it consists of matrices
of the form [
0 −c1
c−11 0
]
As an open subvariety of the smooth variety SL2(C), the cluster variety X (A) is
smooth even at Xd(A).
The Weil-Petersson form can be written
ω =
dx ∧ dc1
xc1
+
dx ∧ dc2
xc2
=
dx ∧ dx′
c1c2
In the second expression, it is clear it is globally regular on X (A), and so it defines
a differential 2-form on the entire smooth variety X (A).
6.2. Finite Type: A3. Let
A =
 0 1 0−1 0 1
0 −1 0

The corresponding cluster algebra C(A) is the cluster algebra of type A3. Its nine
cluster variables correspond to internal diagonals of a hexagon, and are labelled
xi,j , with i, j ∈ Z/6. Clusters correspond to complete triangulations.
The cluster variety X (A) has a unique deep point p, whose coordinates are given
by xi,i+2 = 0 and xi,i+3 = −1, for all i. This deep point has Zariski tangent
dimension 4, and since X (A) is 3-dimensional, we see that p is a singular point.
The Weil-Petersson form can be written
ω =
dx13 ∧ dx14
x13x14
+
dx14 ∧ dx15
x14x15
=
dx13 ∧ dx24
x14
+
dx46 ∧ dx15
x14
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The first expression is ωf for the cluster f = {x13, x14, x15}, and the second expres-
sion is clearly regular at p, since x14(p) 6= 0. Therefore, despite the non-smoothness
of p, the Weil-Petersson form still extends as a Ka¨hler 2-form on all of X (A).
6.3. Affine Type: A˜(1, 1). Let
A =
[
0 2
−2 0
]
This cluster algebra has an infinite number of cluster variables, which are denoted
by xi, i ∈ Z, with clusters {xi, xi+1}, i ∈ Z. The cluster algebra may be finitely-
presented, as
C[x0, x1, x2, x3]/〈x0x2 − (x21 + 1), x1x3 − (x22 + 1)〉
The cluster variety X (A) has four deep points, denoted pj , j ∈ Z/4, given by
xk(pj) =

√−1 if k ≡ j mod 4
−√−1 if k ≡ j + 2 mod 4
0 if k ≡ j + 1 mod 2

The Weil-Petersson form is then
ω = 2
dx0 ∧ dx1
x0x1
=
dx0 ∧ dx2
x21
=
dx−1 ∧ dx1
x20
The second expression is clearly regular at pi when i is odd, and the third expression
is clearly regular at pi when i is even. A globally-regular expression for ω is
x0x3dx1 ∧ dx2 − x1x3
2
dx0 ∧ dx2 − x0x2
2
dx1 ∧ dx3 + x1x2dx1 ∧ dx2
We do not know of a general method for producing these expressions, though they
exist for acyclic cluster algebras by Theorem 5.2.1.
6.4. The Markov cluster algebra. Let
A =
 0 2 −2−2 0 2
2 −2 0

This defines theMarkov cluster algebra, which is (in)famous both for its number
theoretic applications and its pathological behavior (ie, it is infinitely generated
[BFZ05, Theorem 1.24]). It is the simplest example of a non-acyclic cluster algebra,
and so the results of this paper do not apply.
The cluster algebra C(A) is N-graded, by letting every cluster variable have
degree 1. The Ka¨hler 2-forms are an N-graded C(A)-module, with deg(da) =
deg(a) − 1. This extends to a Z-grading on the rational Ka¨hler 2-forms. Then
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it is clear that the Weil-Petersson form has degree -2, and thus it is not a regular
Ka¨hler 2-form.
What does this mean geometrically? The cluster variety X (A) has a deep point
p0, where every cluster variable is zero.
3 The above observation shows that the
equations defining ω blow up at p0. However, Lemma 5.2.1 can be used to show ω
is regular everywhere else on X (A).
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